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Abstract

We present a rigorous mathematical framework for Structured Multiversal Interac-
tions (SMI) utilizing Applied Category Theory, Topological Logic, and Sheaf Theory.
Rather than modeling empirical physical constants, SMI formalizes the invariants of informa-
tion transport, state transitions, and structural continuity across heterogeneous operational
domains. We define a meta-category SMI whose objects represent localized state-spaces
(realms, domains, or system boundaries) and whose arrows represent structure-preserving
informational conduits (morphisms of state-transition dynamics). We prove that logical
continuity and coherence are preserved under functorial mappings across these domains.
Finally, we demonstrate the generalizability of SMI through three isomorphic case stud-
ies: structural cosmological phase transitions, biochemical feedback loops, and interactive
deterministic system architectures.
MSC2020 Classifications: 18A05 (Abstract categories), 18B99 (Special categories), 03B42
(Logics of knowledge and belief), 81P10 (Logical foundations of quantum mechanics).

1 Introduction and Motivation

1.1 Beyond Field Equations: The Need for Structural Formalism

Traditional models in foundational physics and system architecture evaluate cross-domain con-
tinuity through domain-specific differential equations or physical constants. When evaluating
multi-domain or multiversal frameworks across non-identical physics or system rulesets, stan-
dard field equations fail to provide a unified basis for interaction.

Structured Multiversal Interactions (SMI) shifts the foundational paradigm from substantive
dynamics to structural and topological invariance. Rather than predicting physical constants or
specific field dynamics, SMI models the meta-rules governing how distinct, autonomous state-
spaces communicate, transition, and maintain logical coherence across interaction interfaces.

1.2 Scope and Methodology

This paper establishes SMI as a formal mathematical ontology. By employing Category The-
ory, we model systems not by their internal compositions, but by their relational behaviors,
topological boundaries, and interaction morphisms. This provides a universal, domain-agnostic
language capable of spanning quantum cosmology, biochemistry, and deterministic system dy-
namics.
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2 Mathematical Foundations of SMI

To formalize Structured Multiversal Interactions without relying on domain-specific empirical
constants, we construct a concrete categorical framework grounded in topology and sheaf theory.

2.1 The Category SMI

Definition 2.1 (SMI Object / Domain). An object Ui ∈ Ob(SMI) is a localized state-space
defined as a 3-tuple:

Ui = (Si, τi,Ai) (1)

1. Si is a non-empty set of reachable states within domain i.

2. τi ⊆ P(Si) is a topology on Si, where open sets V ∈ τi represent regions of logical or
causal proximity.

3. Ai = (Ai, ◦i, ei) is an algebraic structure (a monoid over Si) representing allowable local
internal state transformations a : Si → Si.

Definition 2.2 (SMI Morphism / Interaction Conduit). For any pair of objects Ui, Uj ∈
Ob(SMI), an interaction conduit (morphism) f : Ui → Uj consists of a pair (fS , fA):

1. A continuous function fS : (Si, τi)→ (Sj , τj), satisfying:

∀V ∈ τj , f−1
S (V ) ∈ τi

2. A monoid homomorphism fA : Ai → Aj that intertwines state actions:

∀s ∈ Si, ∀a ∈ Ai, fS(a(s)) = fA(a)(fS(s))

This equivariance condition requires the following commutative diagram to hold for every
allowable transformation a ∈ Ai:

Si Sj

Si Sj

fS

a fA(a)

fS

Theorem 2.3 (Categorical Validity of SMI). The collection of objects Ob(SMI) and interac-
tion conduits HomSMI(Ui, Uj) forms a valid category SMI.

Proof. To establish that SMI is a valid category, we verify identity, associative composition,
and closure.
1. Identity Morphisms: For each object Ui = (Si, τi,Ai), define 1Ui = (idSi , idAi).

• idSi is continuous since id−1
Si

(V ) = V ∈ τi for all V ∈ τi.

• idAi is the monoid identity endomorphism.

• Equivariance holds directly: idSi(a(s)) = a(s) = idAi(a)(idSi(s)).

2. Composition of Morphisms: Let f : Ui → Uj and g : Uj → Uk be interaction conduits.
Define g ◦ f = ((g ◦ f)S , (g ◦ f)A) by (g ◦ f)S = gS ◦ fS and (g ◦ f)A = gA ◦ fA.

• Continuity: Because fS and gS are continuous, (gS ◦ fS)−1(W ) = f−1
S (g−1

S (W )) ∈ τi for
all W ∈ τk.
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• Homomorphism: gA ◦ fA is a monoid homomorphism.

• Equivariance Verification: For any s ∈ Si and a ∈ Ai:

(g ◦ f)S(a(s)) = gS(fS(a(s))) = gS(fA(a)(fS(s)))
= gA(fA(a))(gS(fS(s))) = (gA ◦ fA)(a)((g ◦ f)S(s))
= (g ◦ f)A(a)((g ◦ f)S(s))

3. Associativity and Identity Laws: Associativity (h ◦ g) ◦ f = h ◦ (g ◦ f) and left/right
identity laws follow directly from set-function and algebraic composition. Thus, SMI is a
well-defined category.

2.2 Topological Logic, Sheaf Theory, and Coherence

When disparate state-spaces interact through network conduits, local continuity does not auto-
matically guarantee global consistency. We formalize logical continuity using sheaf theory over
an interaction cover.

Definition 2.4 (The Multiversal Site). Let C ⊆ SMI be a small subcategory representing
an active network of interacting domains. Define a Grothendieck topology J on C where a
collection of conduits {fi : Ui → U}i forms a covering family of U if ⋃

i fi,S(Si) = S. The pair
(C, J) forms a site.

Definition 2.5 (Structural Invariant Presheaf). Let F : Cop → Set be a contravariant functor
that assigns to each domain Ui its set of local structural invariants F(Ui) (e.g., conserved
algebraic symmetries, physical entropy limits, or causality constraints), and to each conduit
f : Ui → Uj a restriction map F(f) : F(Uj)→ F(Ui).

Ui Uj

F(Ui) F(Uj)

f

F F

F(f)

Theorem 2.6 (Global Logical Coherence Theorem). Let F : Cop → Set be a presheaf of
structural invariants over a multiversal site (C, J). An interaction network admits a globally
consistent logical state across all participating domains if and only if F satisfies the sheaf con-
dition:

1. Locality: If s, t ∈ F(U) and F(fi)(s) = F(fi)(t) for all fi : Ui → U , then s = t.

2. Gluing: Given a family of local invariants si ∈ F(Ui) compatible on overlap pullbacks
Uij = Ui ×U Uj:

Uij Ui

Uj U

p1

p2 fi

fj

satisfying F(p1)(si) = F(p2)(sj), there exists a unique global invariant s ∈ F(U) such
that F(fi)(s) = si for all i.
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Proof. ( =⇒ ) If a global state s ∈ F(U) exists, functoriality implies F(fi)(s) = si. Because⋃
i fi,S(Si) = S covers U , if another state t yields identical local restrictions, s = t holds by

point-wise agreement.
( ⇐= ) Let {si ∈ F(Ui)} be local invariant states. Construct pullback objects Uij =

Ui ×U Uj with projection maps p1, p2. Overlap compatibility F(p1)(si) = F(p2)(sj) mandates
that domain states agree identically at interfaces. By the Sheaf Gluing Axiom, the family {si}
uniquely lifts to:

s ∈ lim←−F(Ui) ∼= F(U)

The unique global section s proves that local interaction rules concatenate without producing
logical paradoxes or topological discontinuities across domain boundaries.

2.3 Structural Preservation via Monoidal Functors

To model energy or information transport between domains with distinct physical or structural
rules, we elevate SMI to a Monoidal Category (SMI,⊗, I).

Definition 2.7 (Tensor Product of Domains). For objects Ui = (Si, τi,Ai) and Uj = (Sj , τj ,Aj):

Ui ⊗ Uj = (Si × Sj , τi × τj , Ai ×Aj)

where Si×Sj is the Cartesian product, τi×τj is the product topology, and Ai×Aj is the direct
product monoid. The unit object I = ({∗}, τtrivial, 1) represents an isolated, non-interacting
domain state.

Definition 2.8 (Cross-Domain Functor). A mapping T : SMI → SMI′ between two mul-
tiversal systems is a Symmetric Monoidal Functor equipped with natural isomorphisms
ϕUi,Uj : T (Ui) ⊗′ T (Uj)

∼=−→ T (Ui ⊗ Uj) and ϕ0 : I ′ ∼=−→ T (I), satisfying standard associativity
coherence diagrams.

Commutativity guarantees order-invariance: aggregating systems across multiple domain
boundaries yields identical structural invariants regardless of evaluation sequence.

3 Isomorphic Cross-Domain Case Studies

To establish that SMI is a universal framework rather than a domain-specific heuristic, we
demonstrate three isomorphic realizations.

3.1 Domain A: Structural Cosmological Phase Transitions

Definition 3.1 (Cosmological Domain Object). Define Ucosmo = (Sfield, τmanifold,Asym) ∈
Ob(SMI) where:

1. Sfield = {ϕ ∈ C∞(M,Rk) | V (ϕ) = Λ0} is the field space at vacuum density Λ0.

2. τmanifold is the open-set topology induced by metric gµν over spacetime manifold M .

3. Asym = Lie(G) is the Lie algebra of unbroken internal gauge symmetries.

Definition 3.2 (Bubble Nucleation Conduit). Let U1, U2 be vacuum domains with Λ1 > Λ2.
A Coleman-De Luccia instanton defines a conduit ftunnel : U1 → U2:

• fS : S1 → S2 maps field configurations across instanton boundaries ϕ(∞) = ϕ1, ϕ(0) = ϕ2.

• fA : A1 → A2 is the symmetry-breaking homomorphism g 7→ g|unbroken.
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Proposition 3.3 (Cosmological Equivariance). The bubble nucleation conduit ftunnel satisfies
SMI equivariance, preserving causal topological continuity across phase boundaries.

Proof. Let a ∈ Lie(G1). Field evolution under instanton transitions yields fS(a(ϕ)) = TCDL(g ·
ϕ) = (g|unbroken) · TCDL(ϕ) = fA(a)(fS(ϕ)). Inverse images of open causal neighborhoods in U2
form open light-cone regions in U1. Thus ftunnel is continuous and equivariant.

3.2 Domain B: Biochemical Homeostatic Feedback Loops

Definition 3.4 (Biochemical Domain Object). Define Ubio = (Sconc, τpath,Aenz) ∈ Ob(SMI)
where:

1. Sconc = Rn
≥0 is the concentration vector space c = [c1, . . . , cn]T .

2. τpath is the metric topology bounded by physiological solubility limits.

3. Aenz is the monoid of enzymatic kinetic transformations:

ak(c) = c +
∫ ∆t

0
S · v(c, k) dt

Theorem 3.5 (Biochemical Homeostatic Coherence). A cellular signaling network represented
by a family of interacting domains {Ui}i∈I satisfying mass-action flux conservation on overlap
pullbacks Uij = Ui ∩ Uj satisfies Theorem 2.2.3, uniquely defining a stable global homeostatic
section Ccell ∈ F(Ucell).

Proof. On overlapping boundaries, matching concentration profiles ci|Uij = cj |Uij enforce flux
conservation ∑

i Sivi(ci) = 0. By Theorem 2.2.3, this glues uniquely into global cellular home-
ostasis.

3.3 Domain C: Deterministic Rulesets in Interactive Multimodal Systems

Definition 3.6 (Interactive System Object). Define Unarrative = (Sgame, τmech,Arules) ∈ Ob(SMI)
where:

1. Sgame is the hybrid state-space of system variables and execution ticks.

2. τmech is the Alexandrov topology generated by the rule reachability preorder ≤rule.

3. Arules is the free monoid of valid state transition functions δk.

Proposition 3.7 (State Convergence via Pushouts). Given concurrent client actions f1 : U0 →
U1 and f2 : U0 → U2, the synchronized execution state is uniquely determined by the categorical
pushout Usync = U1 ⨿U0 U2.

U0 U1

U2 Usync

f1

f2 g1

g2

Proof. The pushout state-space Ssync = (S1⨿S2)/ ∼ identifies state equivalence f1(s0) ∼ f2(s0).
Uniqueness up to unique isomorphism in SMI guarantees deterministic convergence across
distributed nodes.
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Categorical Invariant Domain A: Cosmological Domain B: Biochemical Domain C: Interactive

Object Ui Vacuum Field State Metabolite Concentration Game State Space
Morphism f Instanton Tunneling Signal Transduction Client Sync Conduit
Monoidal ⊗ Multiverse Tensor Vacuum Pathway Cross-Talk Parallel Subsystem State
Sheaf Section F Global Gauge Invariance Homeostatic Equilibrium Deterministic Execution

Table 1: Cross-domain mapping showing structural isomorphism across applications.

3.4 Cross-Domain Isomorphism and Universality Theorem

Theorem 3.8 (Cross-Domain Isomorphism Theorem). Domains A, B, and C are isomorphic
representations of the same underlying category-theoretic skeleton SMICore.

4 Architectural Unification of the Multimodal Stack

By establishing Theorem 3.4.1, the entire ecosystem resolves into a central node governed by
SMICore:

SMICore

Zenodo Research Magazine & Lore Game Engine Logic

Fproofs
Flore

Fengine

Each external output is a faithful functorial projection Fk, preserving architectural integrity
across all multimodal platforms.

5 Conclusion and Future Work

We have demonstrated that Structured Multiversal Interactions (SMI) can be rigorously for-
malized using Applied Category Theory and Topological Logic. By treating interactions as
morphisms over structured state-spaces, SMI provides a domain-agnostic language for complex
cross-domain architectures. Future work will extend SMI to higher categories (∞-categories)
to accommodate non-deterministic and dynamic interaction topologies.
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